Abstract. In this letter we work out the deformations of some flag manifolds and of complex Minkowski space viewed as an affine big cell inside G(2, 4). All the deformations come in tandem with a coaction of the appropriate quantum group. In the case of the Minkowski space this allows us to define the quantum conformal group. We also give two involutions on the quantum complex Minkowski space, that respectively define the real Minkowski space and the real euclidean space. We also compute the quantum De Rham complex for both real (complex) Minkowski and euclidean space.
Introduction and summary
In the quantum groups setting there has been some attention given to the quantization of the Minkowski space. In their paper [1] Zumino et al. follow an ad hoc approach to this problem: the Minkowski space gets quantized as a real 4-dimensional space with the coaction of the Poincarè group on it. In the 1980's following the new ideas introduced by Penrose a few years earlier in [2] , Manin introduced the point of view that the Minkowski space is the manifold of the real points of a big cell in the grassmannian of complex two dimensional subspaces of a complex four dimensional space (twistor space) [3] . This is the starting point for the quantizations that are described in this letter.
Reshetikhin and Lakshmibai have provided in their paper [4] a quantization of the flag manifold of any complex simple group; however their construction is very abstract and does not seem to provide the deformations of the Plücker relations. Taft and Towber [5] on the other hand have a paper on the same subject, though with a very different approach, in which they do have the quantized Plücker relations, but their commutation rules resolve in a tautology for the grassmannian coordinates.
It is natural to define the quantized coordinate ring of grassmannians and flag man- We now come to the theory over R. The point of view is that the real spaces and groups, both classical and quantum, are described by the complex objects together with an appropriate involution. In the spirit of Soibelman work [6] , [7] it is possible to define from the complex one and using the given involution.
Our point of view is group theoretic and not at all ad hoc. One of its advantages is that it provides the quantization of the conformal group naturally. It is capable of generalizing to higher dimensions (some of which are treated here) and provides a basis for the quantization of the Penrose theory. In the special case treated here it leads to a quantization of the complex Minkowski space in tandem with a quantization of the conformal group, then of the real Minkowski and euclidean spaces in tandem with the real conformal group with a compatible coaction that quantizes the classical coaction.
The quantum homogeneous spaces
as the associative k q -algebra with unit generated by n 2 elements a ij , i, j ∈ {1 . . . n} subject to the relations (see [8] , [9] ):
Let's define on k q [M n ] the comultiplication and the counit:
is a bialgebra with the given ∆ and . Let's now introduce the notion of quantum determinant:
where l(σ) denotes the length of the permutation σ. More generally one can define:
For all the properties of the quantum determinant refer to the papers [8] , [9] , [10] .
This enables to define the two Hopf algebras [10] :
where in both cases the antipode is defined as:
We want now to give a quantization of the grassmannian coordinate ring k[G(2, n)] where G(2, n) is the set of 2-planes in a vector space of dimension n. It will be a generalization of the classical construction (see [11] , [12] ).
where I G(2,n) is the two sided ideal generated by the relations: (< refers to lexicographic ordering)
We will refer to the relations (p) as the quantum Plücker relations, since for q = 1 they reduce to the usual Plücker relations for the embedding G(2, 4) ∼ = Q ⊂ P 5 where Q is the Klein quadric.
Proof. Let's define the map:
By direct computation one can check that this is well defined. The ring k q [G(2, n)] is generated as k q -module by the monomials:
Consider infact the grading induced by the degree and assume that there exists an inhomogeneous relation among the generators. Divide all the coefficients of the relation by the highest power of (q − 1) dividing the gcd of the coefficients. Now if q = 1 this will give a relation among the given monomials that in the commutative case are linearly independent. The same argument shows also that the generators are linearly independent (see [4] ). This states that there are no other relations in k q [G(2, n)] besides the Plücker ones, the morphism is 1-1, hence it is an isomorphism.
We want now to give similar constructions for the quantized flag rings
where:
Theorem (1.3) We have, for n > 2:
where I F (1,n−1;n) , I F (1,2;n) , I F (2,3;4) are the two sided ideals generated by the following sets of relations.
I F (1,n−1;n) : We will refer to the relations (i) in each set as the quantum incidence relations. , 3; 4) ] are k q [SL n ]-comodules and the coaction is given by ∆ restricted to the subrings.
Proof. The formulas in (i) and (ii) are a direct computation. To show the isomorphisms that are stated in (i) one needs an argument similar to the one given in (1.1). by complexification followed by compactification [3] . Classically the conformal group can be identified with P l = P t u and its action on the big affine cell N P u /P u of SL 4 C/P u is simply given by left multiplication:
The complex quantum
we actually have an action of P l on N :
It is our intention to give a quantization of the subgroups P u , P l , and most important, of the big affine cell N P u /P u viewed as homogeneous space for P l . This will be the model for 
Proof (i) follows directly from the definition of projective localization and (*).
(ii) let's define a map φ :
by: φ(a 11 ) = n 12 , φ(a 12 ) = n 11 , φ(a 21 ) = n 22 , φ(a 22 ) = n 21 . One can check that φ is well defined. ker φ is trivial. In fact if there were a relation among the t ij 's after multiplying by a suitable power of D (iii) let's define the map: 
where
Proof: direct computation.
Holomorphic De Rham complex on the complex quantum Minkowski space
We want now to construct for M C,q = k q [N ] the quantum Minkowski space, the quantum analogue of the De Rham complex. Since
we have the following [13] :
] is the associative algebra over k q with generators a ij , da ij , i, j = 1, 2 and defining relations:
Remark. To get explicitly the relations in the n ij coordinates it is necessary the following substitution (see proposition (2.1) (i)): a 11 = n 12 , a 12 = n 11 , a 21 = n 22 , a 22 = n 21 .
Real quantum Minkowski and Euclidean spaces, real quantum conformal group and real De Rham complex
It is a general principle that a real algebraic group can be given by the complex algebra of its complexification together with an involution. The function algebra of the real group is recovered as the algebra of the invariant functions with respect to the given involution.
Classically the complex Minkowski space M C is given by complex 2 by 2 matrices. Here are two classical involutions [3] of M C :
The set of fixed points of * E is the real euclidean space, while the set of fixed points of * M is the real Minkowski space [3] M . In order to define a quantum analogue to the involutions * M and * E we need to consider the quantum conformal group without the translation part. This is because the Soibelman involution [6] 
Definition (4.1) Define quantum conformal group (without translations): 
n 11 n 12 n 21 n 22 −→ n 22 n 12 n 21 n 11
These are well defined automorphism.
Define on k q [C] the antilinear involutions:
Both maps are well defined and are antiautomorphisms (direct computation). Let's denote
* C,M the set of fixed points for such involutions.
Theorem (4.1)
where in analogy with the classical case we set:
Proof: direct computation. 
This suggests the following definition:
Definition (4.3) We call Minkowski (euclidean) length of a vector, the quantum determinant of (n ij ) in Minkowski (euclidean) coordinates: Then ( * C,M × * M,q ) · λ = λ · * M,q and ( * C,E × * E,q ) · λ = λ · * E,q .
